Abstract A closed-loop control allocation method is proposed for a class of aircraft with multiple actuators. Nonlinear dynamic inversion is used to design the baseline attitude controller and derive the desired moment increment. And a feedback loop for the moment increment produced by the deflections of actuators is added to the angular rate loop, then the error between the desired and actual moment increment is the input of the dynamic control allocation. Subsequently, the stability of the closed-loop dynamic control allocation system is analyzed in detail. Especially, the closedloop system stability is also analyzed in the presence of two types of actuator failures: loss of effectiveness and lock-in-place actuator failures, where a fault detection subsystem to identify the actuator failures is absent. Finally, the proposed method is applied to a canard rotor/wing (CRW) aircraft model in fixed-wing mode, which has multiple actuators for flight control. The nonlinear simulation demonstrates that this method can guarantee the stability and tracking performance whether the actuators are healthy or fail.
Introduction
Modern aircraft, automotive vehicles and marine vessels are usually equipped with more control actuators than controlled variables to achieve multiple control objectives and high performance. And the nonlinear control design methods, like dynamic inversion 1,2 and backstepping, 3, 4 result in control laws specifying the forces and moments, rather than the control surface deflections. Determining how to distribute the control signals to the available actuators is known as the control allocation problem. Meanwhile, the actuator selection is separated from the regulation task to simplify the control design using the control allocation. In particular, an effective re-allocation among the remaining healthy actuators can maintain the acceptable performance in the case of actuator failures.
Control allocation methods have been studied extensively. The survey paper that compares the strengths and limitations of control allocation methods is presented in Ref. 5 . Regardless of methods, such as pseudoinverse, 6 direct allocation, 7, 8 daisy chain allocation, 9 linear programming 10 and nonlinear programming, 11 the resulting methods are static in the sense that the control input depends only on the current virtual control command.
Different from these methods, the dynamic control allocation method 12, 13 is proposed to make use of the redundancy to get different actuators operate in the different parts of frequency domain. The control allocation mapping of this method is a linear filter when there are no actuators in satura-tion state. And the control designer can decide the frequency characteristic of this filter by weighting matrices selected.
Both the static and the dynamic methods mentioned above are the open-loop control allocation. These control allocation approaches can be implemented to satisfy the optimization criterion when there is no actuator failure. However, the system stability or tracking performance becomes a problem if some unknown actuator failures occur.
Recently, a new nonlinear flight control design method is presented in Ref.
14 for aircraft with redundant actuators, combining the bases sequence control allocation with the moment compensation to implement the desired moment commands. However, this method fails to consider the closed-loop stability of control allocation system whether the actuators are healthy or fail. In this paper, a new systematic method for closed-loop dynamic control allocation is proposed, and the design process and stability analysis are introduced in detail.
Closed-loop dynamic control allocation
As mentioned in the first section, the control allocation plays an important role in nonlinear flight control for aircraft with multiple actuators, particularly, when the actuators have dynamics, limits and failures. A conceptual block diagram of the attitude control loop with closed-loop dynamic control allocation is shown in Fig. 1 . The moments M acting on the aircraft are given as
where M 0 is determined by the aircraft configuration and flight states, and DM the moment increments produced by the control surface deflections. The control allocation problem is solved by the moment allocation among different actuators in this research. In Fig. 1 , the input of system is the commanded attitude r g . And the desired moment increment DM d is derived by the nonlinear dynamic inversion attitude controller in outer-loop, while the actual moment increment DM can be measured by the angular acceleration sensors. Then, the error v between the desired moment increments DM d and the actual moment increments DM is as the input of dynamic control allocation. Thus, the output of control allocation u v has the form of increment and one integration step delay is required. At last, the input of actuator is u(k) = u(k À 1) + u v (k), and k denotes the current sampling period. And the output of actuator d is deflections of actuators, which produces the actual moment increments DM and aerodynamic force F.
Aircraft model
The aircraft model is described as
where p, q and r are the roll, pitch, and yaw angular rates; V x , V y and V z the components of flight velocity along the body axes; /, h and w the roll, pitch, and yaw attitude angles; x g , y g and h are respectively the north, east, and vertical components of the aircraft position in the locally-level geographic frame on the surface of the Earth; m is the mass of the aircraft, and g the gravity acceleration; the constants c i (i = 1, 2, . . . ,9) are defined by Fig. 1 Closed-loop dynamic control allocation configuration.
where J i (i = x, y, z) is the moment of inertia about i axis, and J xz the cross-product of inertia; M x , M y and M z are the roll, pitch, and yaw moments, which can be described as
where q is the air density, V the flight velocity, S the wing reference area, b the wing span, and c the wing mean geometric chord; C l , C m and C n are the roll, pitch and yaw moment coefficients.
In Eq. (3), F x , F y and F z are the components of the resultant force including aerodynamic force and engine thrust along the body axes, and they are defined by
where a and b are the angles of attack and sideslip; the engine thrust P = C P d P , where C P is the thrust coefficient, and d P the throttle setting; D, L and Y are the drag, lift and side-force, which can be described as
where C D , C L and C Y are the drag, lift and side-force coefficients.
The expressions of M 0 and DM in Fig. 1 will be given in the following text. According to Eq. (1), the roll, pitch, and yaw moments M x , M y and M z can be respectively separated into two parts as follows:
where DM x , DM y and DM z are the moment increments produced by control surface deflections, and
where C (*) is the aerodynamic derivatives; p; q; r and _ a are defined by p ¼ pb=ð2VÞ; r ¼ rb=ð2VÞ
and _ a is the derivative of the angle of attack. Substituting Eqs. (10)- (12) into Eq. (2), Eq. (2) can be rewritten in the affine nonlinear form
where f q , f q , f r and B c are 
We suppose DM = [DM x DM y DM z ] T , and according to Eq. (13), the actual moment increments DM is derived by
where _ p; _ q and _ r are measured by the angular acceleration sensors.
Dynamic inversion attitude controller design
Having separated the attitude states into fast and slow dynamics, the feedback is used to provide the system with desirable dynamics. The fast dynamics of the aircraft attitude has been given in Eq. (2) . And the desired attitude angular rates dynamics is specified by
where x p , x q and x r are the design parameters; p c , q c , and r c the commanded angular rates given by the slow dynamics loop.
Replacing the ½ _ p _ q _ r T in the left of Eq. (13) by (15), we can derive the desired moment increment DM d :
The slow dynamics of the aircraft attitude has been given in Eq. (4) . And the desired attitude angular dynamics is similar to Eq. (16):
where x / , x h and x w are the design parameters; / c , h c , and w c the commanded attitude angles given by designer.
Eq. (18), we can derive the commanded angular rates ½p c q c r c T as follows:
Control allocation problem
The objective of control allocation is to determined the actual control vector u 2 R m according to the virtual control vector
where f : R m´Rl is the nonlinear mapping from u(t) to v(t). The actuator dynamics can be described as
where d 2 R m is the actuator deflection, and Eq. (21) is subject to a set of constraints
where d min , d max and _ d max are the lower and upper actuator position and rate constraints, respectively. Due to the typically fast actuator dynamics, we assume d = u.
In a digital flight control system, it is reasonable to transform the actuator constraints from Eq. (22) to the following formula 16 :
where T is the sample time.
Analytical solution of closed-loop dynamic control allocation
The dynamic control allocation can be expressed as the following sequential quadratic-programming problem if no actuators are saturated. where
where I is the identity matrix, and the symbol '' '' denotes the pseudoinverse operator defined as
In the steady-state, we assume the error
Then, Eq. (25) reduces to
The input of actuator u(k) in Fig. 1 is
Stability for closed-loop dynamic control allocation
The stability for the closed-loop dynamic control allocation system is of significant importance. In order to validate the stability, the input-output relation of closed-loop dynamic control allocation is given in the following text. The actual moment increment DM(k) can be derived by
where B r (k) is the actual control effectiveness matrix, which is changed with different flight conditions. Substituting Eqs. (27) and (28) 
where
The input-output relation of closed-loop dynamic control allocation is obtained according to the z transform of Eq. (33):
Stability in the absence of actuator failures
In this part, we consider the stability for closed-loop dynamic allocation when the actuators are healthy.
Lemma 2 (Schur Lemma). Given A 2 R n·n with eigenvalues k 1 , k 2 , . . . ,k n in any prescribed order, there is an orthogonal matrix P 2 E n·n , where E is the set of orthogonal matrix. And we have 
And the system is stable if any of the closed-loop characteristic roots lie inside the unit circle.
Considering Lemma 2, we obtain
Substituting Eq. (37) into Eq. (36), we have
The characteristic equation becomes
The roots of characteristic equation are found to be
If OEz i OE < 1, then the system is stable and we obtain
This completes the proof. h
Stability in the presence of actuator failures
The stability condition for closed-loop control allocation is given in Theorem 1 when the actuators are healthy. However, the actuators of an aircraft can be affected by many types of failures in the flight missions. And there are two typical failures which are the loss of effectiveness and lock-in-place failures. Both of them are considered here. Assumption 1. Two actuator failures do not happen simultaneously.
The control signal d(t) (input to the plant, output of the actuator) can be described as the following formula to incorporate the actuator failures. In the presence of the actuator loss of effectiveness failure, the actual moment increment DM(k) will be changed. Considering Eqs. (29) and (42) 
then the closed-loop dynamic control allocation is stable in the presence of the actuator loss of effectiveness failure.
Proof. According to Assumption 2, the eigenvalues of
. . . ; nÞ. The actual control effectiveness matrix changes in the presence of the actuator loss of effectiveness failure; however, the stability of the closed-loop system is desired.
Considering Theorem 1, we obtain
In the presence of the actuator lock-in-place failure, the actuator i is stuck at the degree w i . It is equivalent to adding the disturbance to the actual moment increment DM(k). Considering Eqs. (29) and (42) then the closed-loop dynamic control allocation is stable in the presence of the actuator lock-in-place failure.
Proof. Substituting Eqs. (27) and (28) which completes the proof. h
Simulation results
In this section, we consider a canard rotor/wing (CRW) aircraft model (see Refs. 17, 18 for more details) in the fixed-wing mode. The simulation model includes the moment, force, kinematic and navigation equations in Eqs. (2)-(5). And the specific aerodynamic force and moment coefficients of the CRW in the fixed-wing mode are given by
where a,b and _ a can be derived by
where the flight velocity
q . In addition, we can derive _ a according to Eqs. (12) and (59). In addition, the thrust coefficient of this aircraft in the fixed-wing mode is C P = 2487.
The aerodynamic parameters are shown in Table 1 , while the wing-planform and inertia parameters are shown in Table 2. These parameters are derived from both Ref. 19 and aerodynamic computing in terms of the aircraft geometry figuration.
The control inputs consist of the deflections for the left aileron d aL , the right aileron d aR , the left rudder d rL and the right rudder d rR in the lateral direction. And the canard d c and ele- Table 2 Wing-planform and inertia parameters for the model. Fig. 2 shows the configuration of the CRW aircraft. 20 The actuator dynamic is simplified to produce a simple first-order lag filter. The aileron, rudder, canard and elevator dynamics used in the simulation are described as
u e jd aLðRÞ j 6 25
; jd rLðRÞ j 6 25 ; jd c j 6 15 ; jd e j 6 25
are the input and output of the actuators, respectively. The canard actuator is faster than the elevator, whereas it is beneficial not to deflecting the canard at all to achieve low drag at trimmed flight. Thus, the canard is used to achieve the fast initial aircraft response, while the elevator is used solely at the trimmed flight. And we select the following constant matrix: 
The actual control effectiveness matrix without failures is given by 
The design matrix is B = B r whether the actuators are healthy or fail. However, the actual control effectiveness matrix B r changes when the actuator failures happen. The attitude controller parameters are x / = 1.2, x h = 5, x w = 1.2, x p = 4.5, x q = 10, x r = 4.5, and the sample time is T = 0.02 s.
In the following simulations, the initial altitude and velocity are 3000 m and 110 m/s, and the initial attitude angles and angular rates including a, b, /, h, w, p, q and r are zeros. In addition, the throttle setting d P = 0.2, while all the initial actuator deflections are zero.
No actuator failures
Considering Eqs. (26), (34), (61) and (62), the eigenvalues of the matrix V(k) are k 1 = k 2 = k 3 = 1. According to Theorem 1, the designed closed-loop dynamic control allocation is stable. Figs. 3 and 4 show the attitude responses and actuator deflections using dynamic control allocation and closed-loop dynamic control allocation.
The two methods have the similar attitude tracking performance and actuator responses when there are no actuator failures. And the canard deflections are zero in steady state for two methods in Fig. 4 . However, there is shorter rise time in the yaw response, and there is smaller effect on the roll response when the yaw angle changes using the closed-loop dynamic control allocation method in Fig. 3 . And there are smaller overshot and shorter settling time in the pitch response for the closed-loop dynamic control allocation.
Actuator failures
Two failure cases are considered; however, there is no fault detection subsystem to identify the actuator failures in this research. We suppose the longitudinal-and lateral-directional equations are decoupled, and there is only one actuator which has only one type failure in one simulation. Therefore, the simulations of the different types of actuator failures in longitudinal direction and those in lateral direction are performed respectively.
The actual control effectiveness matrices, B r_lon 2 R 1·2 and B r_lat 2 R 2·4 , change while the design matrix, B lon 2 R 1·2 and B lat 2 R 2·4 , maintain constant after the actuator failure happens. And the weighting W i_lat 2 R
4·4
, W i_lon 2 R 2·2 (i = 1, 2) and design matrix are derived by Eqs. (61) and (62) using block matrix method. Figs. 5 and 6 show that the dynamic control allocation method does not exactly distribute the desired pitch moment between canard and elevator after the failure happens. However, the closed-loop dynamic control allocation maintains the attitude tracking with little degradation, because there is a feedback from moment increment in the proposed approach, and the error between the desired and actual moment can be enforced to zero. To eliminate this error, the canard is used to compensate the elevator effectiveness loss. And the eigenvalues of V 0 (k) and DV(k) are k Both lateral attitude tracking and actuator deflections are shown in Figs. 7 and 8 . Fig. 7 shows that the desired lateral attitude commands, especially the yaw command, can be tracked by the proposed method after the failure happens. In Fig. 8 , the deflections of all lateral actuators increase to derive the desired roll and yaw moments when the right rudder loses its effectiveness Fig. 6 Deflections of longitudinal actuators with elevator effectiveness loss. Fig. 7 Responses of lateral attitude with right rudder effectiveness loss. The actuator failure is the lock-in-place failure of the elevator in the pitch channel, while the canard is healthy. The elevator is stuck at À3°after 4 s, and we have the following formula according to Eq. (42).
Both longitudinal attitude tracking and actuator deflections are shown in Figs. 9 and 10 . Fig. 9 shows that the dynamic control allocation method does not track the pitch command after the elevator is stuck at À3°, and the attitude control system is unstable gradually. However, the proposed closed-loop dynamic control allocation maintains stability and attitude tracking after the failure happens. We can see the canard in the two methods deflects to counteract the disturbance from the locked elevator in Fig. 10 . However, the magnitude of canard deflection is larger and the response is faster in the proposed method. And the existence of feedback loop forces the moment increments error to zero. The eigenvalue of V u (k) is 0.65, and
T . According to Corollary 2, the closedloop dynamic control allocation system is stable. Both lateral attitude tracking and actuator deflections are shown in Figs. 11 and 12 . Fig. 11 shows that the desired lateral attitude commands, especially the roll command, cannot be tracked by the dynamic control allocation method after the failure happens. In Fig. 12 , we can see the right aileron deflects to counteract the disturbance from the locked left aileron and derive the desired roll moment using the proposed method. Meanwhile, the left and right rudders deflect to derive the desired yaw moment and T . According to Corollary 2, the closed-loop dynamic control allocation system is stable. The actuator deflections in Fig. 12 are very close to the u(1) when the simulation time extends to 80 s. Figs. 13 and 14 show the open-loop frequency responses of closed-loop dynamic control allocation system in two cases in both longitudinal and lateral directions. We can see the proposed method has enough gain and phase margins before losing stability.
Conclusions
In this paper, a closed-loop control allocation approach is proposed for aircraft with multiple actuators. By combining closed-loop configuration with dynamic control allocation, the proposed method guarantees that the closed-loop system is stable in the absence or presence actuator failures, and the actuators work in the respective frequency domain. The CRW aircraft model example demonstrates the effectiveness of the proposed approach.
The actuator dynamics presented here does not contain actuator saturation. Therefore, the closed-loop dynamic control allocation approach with actuator saturation is our future research. Closed-loop dynamic control allocation for aircraft with multiple actuators
